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1. Introduction 

We give a direct proof that the M/Z analytic index 

indf,'' : K^^{X;R/Z) -^ K^^{B;R/Z) 

[m Definition 14] is well defined, and the details of a short proof of the M/Z 
Grothendieck-Riemann-Roch theorem [11', Corollary 4] 



/x/flTodd(X/i?)U(-) (1) 
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stated in j3l p. 17], without appealing to differential if -theory. 

Let TT : X ^ B he a proper submersion of manifolds of even relative 
dimension with closed Spin'^-fibers. The cohomological version of the Atiyah- 
Singer family index theorem, i.e., the Grothendieck-Riemann-Roch theorem, 
expresses the Chern character of the index bundle in topological means: 

ch(ind^''(^)) = / Todd(X/S)Uch(E). (2) 

Jx/B 

The Atiyah-Singer family index theorem is an integral theorem, i.e., K^{*) = 
Z. Prom ^ we see that if ch{E) = 0, then ch(ind''''(£;)) = 0. As explained 
in [11] , this is the motivation of having a geometric model for the M/Z K- 
group K~^{X; M/Z) [1] and proving an index theorem taking values in M/Z 
for virtual bundles with vanishing Chern character. 

The M/Z family index theorem indf^" = ind]°''° [TT^ Corollary 3], equates 
the M/Z analytic index indL^^ with the M/Z topological index ind]°''° [Til §4] . 
The M/Z Grothendieck-Riemann-Roch theorem M is obtained by applying 
the M/Z Chern character 

chR/Q : K-\X;R/Z) ^ H°<'\X;R/Q) 

(also known as the Cheeger-Chern-Simons class) to the M/Z family index 
theorem. 

On the other hand, Kj^ {X; M/Z) is now known as the flat part of differ- 
ential i('-theory Kfi^{X) [^. Thus we can consider the M/Z analytic index 
indf;" as a special case [3 Proposition 7.37] of the differential analytic index 
indf-L rn Definition 7.27], and the M/Z topological index as a special case [71 
Proposition 8.10] of the Freed-Lott differential topological index indj^^" 13 
Definition 5.34]. Therefore the M/Z family index theorem is a special case 
of the differential family index theorem 

indli = ind^r ■■ Kfl{X)KfUB) 
[71 Theorem 7.35]; and the M/Z Grothendieck-Riemann-Roch theorem is 
a special case of the differential Grothendieck-Riemann-Roch theorem [TJ 
Corollary 8.26] 

ciiFL(indrL(f )) = / Tbdd(T^X, V^''^) * chFL(^) G H'^'^'iB; ] 

Jx/B 

since H'''^'^{B;R/Q) embeds in ^^™'^(S;M/Q), where #^™'^(S;M/Q) is the 
ring of Cheeger-Simons differential characters. 

Thus the direct proof of the differential analytic index indf^L is well defined 
[SI Proposition 3] and the condensed proof of the differential Grothendieck- 
Riemann-Roch theorem [8, Theorem 1] imply a direct proof of the M/Z ana- 
lytic index ind^^^ is well defined and a short proof of the M/Z Grothendieck- 
Riemann-Roch theorem. 

The purpose of this paper is to give a direct proof that the M/Z analytic 
index indf;" is well defined (Proposition Isl) , and the details of a short proof 
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of the R/Z Grothendieck-Riemann-Roch theorem as stated in [Sj p. 17]. 
These proofs do not make use of differential if -theory. 

The paper is organized as fohows: Section 2 contains ah the necessary 
background materials we need, including Cheeger-Simons differential char- 
acters, their multiplication and some properties of pushforward; the M/Z 
if -group K^ (X;M/Z) and the construction of M/Z analytic index indf^". 
In Section 3 we prove the main results of this paper. 



2. Differential characters 

We recall Cheeger-Simons differential characters |5] with coefficients in 
\. Let X be a manifold. The ring of differential characters of degree 
A; > 1 is 



H^{X;^/Q) = {/ G Hom(Zfe_i(X),R/Q)|3w/ e ^^{X) such that fod = lo]}, 

where ~ : Q^{X) — t- C'^(X;M/Q) is an injective homomorphism defined 
by u;(cfc) := I u mod Q. It is easy to show that wj is a closed A;-form 

with periods in Q and is uniquely determined by / G ii (X;M/Q). In the 
following hexagon, the diagonal sequences are exact, and every triangle and 
square commutes O Theorem 1.1]: 



H" 



H''(x-; 




The maps are defined as follows: r is induced by Q ^-t- M, 

h{[z]) = z\z^_^{x), H^) = ^Zk-i{x), ^i(/) = ^f and 52{f) = [c] 



(3) 



where [c] G H^{X;Q) is the unique cohomology class satisfying r[c\ = [ujf], 
and J7^(X) consists of closed forms with periods in Q. (We will not use the 
other maps.) 

Invariant polynomials for U(n) have associated characteristic classes and 
differential characters. In particular, for a Hermitian vector bundle E ^ X 
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with a metric h and a unitary connection V, the differential Chern character 
is the unique natural differential character [51 Theorem 2.2] 

di{E, h, V) G ^<=™^(X; M/Q) (4) 

such that 

5i(ch(^,^,V)) = ch(V) and 62{ch{E,h,V)) = ch{E). 

We will write ch(E, h, V) as ch(£', V) in the sequel. 

2.1. Multiplication of differential characters. In [3] multiplication of 
differential characters is defined. Let E : Q^i {X)xn^2 (X) -^ C^^+^^-^{X; M) 
be a natural chain homotopy between the wedge product A and the cup 
product U, i.e., for uji G U^'{X), we have 

5E{uJl,L02) + E{d0Ji,LL)2) + ( — 1) ^E{uJi, duJ2) = UJl f\ U)2 — OJi[J UJ2 

as cochains. Note that any two choices of E are naturally chain homotopic. 
For / G H^^ (X; M/Q) and g G H^^ (X; M/Q) , define / * 5 G ^'=i+'^2 (X; 

by 

f*g= {T^g + (-l)^ia;7I}Tg + T^TTsTg + Ei^Ug))\z,^^,^_,ix), 
where Tf,Tg G C'^^H^)!^) are lifts of / and g. 

Proposition 1. ^ Theorem 1.11] Let / G H''^{X;R/q) andge H^''{X;] 

(1) f * g is independent of the choice of the lifts Tf and Tg, 

(2) f*{g*h) = {f *g)*h and f*g = {-l)''^^^g * f, 

(3) ijJf*g = ujf AcHg and Cf^:g = Cf UCg. i.e., 61 and 82 are ring homomor- 
phisms, 

(4) If (/) : A^ — > M is a smooth map, then (j)*{f * g) = <p*{f) * (p*ig), 

(5) If G n'{X), then 12(6) *f = i2{d A w/), 

(6) If [c] G F*(X;M/Q), then / * ii([c]) = {-lfHi{[cf] U [c]). 

2.2. Pushforw^ard of differential characters. The pushforward of differ- 
ential characters is defined in [9, §3.4]. We only consider proper submersions 
TT : X ^ B with closed fibers of relative dimension n, where the definition 
[71 §8.3] is straightforward: for k > n, 

:i?'=(X;M/Q)^^'=-"(i?;M/Q), If / ] (z) = /(7r-i(z)). 
X/B \Jx/B I 



Let / denote both the pushforward of forms and cohomology classes. 
Jx/B 

Proposition 2. [9, §3.4] Let / G ^^(X;M/Q), [c] G i?^-i(X;M/Q) and 
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:i)'5i / / =/ ^/- 

IX/B J Jx/B 



(2)'52 / / =/ [Cf]. 
Ix/B J Jx/B 



(3) / ii{[c]) = ii\ / [c] 

Jx/B \ Jx/B 



(4) / i2{9)=i2\ 

Jx/B \JX/B 



3. The R/Z /C-theory 

3.1. The M/Z i^-group. In this subsection we recall the definition of K^ . 
Let £■ — )• X be a Hermitian vector bundle with a Hermitian metric /i, V 

Qodd/jv'N 

a unitary connection. Let a; G . Xr (X;R/Z) 111, Definition 7] is 

Im(a) 

the abelian group given by generators £ = {E,h,V ,ijj) such that ch(V) — 

rank(£') = —duj and two relations: 

(1) £2 = <?i +<?3 in K^ {X; M/Z) if and only if there exists a short exact 
sequence of vector bundles 

> El > E2 > Es > 

and uj2=u;i+uj3 + CS(V^ V^, V^). 

(2) The virtual rank of any arbitrary element in K^^{X;M./'Z) is zero. 

In particular, i?i = i52 G A'^ {X; M/Z) if and only if there exists a generator 
(G, h^,V^, (/)) such that EiBG ^ EiBG and 002-^1 = CS(Vi V^, V^ e 

By a Z2-graded element £ = (£^, /i^, V^, 0) G K{^'^{X;R/Z) we mean 
E = E~^ © E~ is a Z2-graded complex vector bundle over X, /i = /i"*" © 
h~ and V = V"*" © V~, where h is a Hermitian metric and V is a 
unitary connection on E — )■ X, and ch(V ) := ch(V''') — ch(V~) = —d(p. 
Given an element in K^ (X;M/Z), we can define a Z2-graded element in 
K^^{X;R/'Z), and vice versa [m p. 8]. 

The following sequence is exact pD- §7.21] (see also [11, (13)]) 

K-UX) ''°'''°'"> H°'^'^(X;R) — ^^ Kr\X;R/Z) -^ 

, (5) 

K{X) ^^^ /7'^^^'^(X;M) 

where r is induced by the inclusion of coefficients Q "^-t- M, and 

a([w]) = (C",/i,V'i^\6j) - (C",/i,V^^\0), 
/3((S, /i^, V^, 0^) - (F, /i^, V^, 0^)) = [F] - [F]. 
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The M/Z Chern character cha/Q : Kl^{X;M./I.) -^ H°'^'^{X; 
inition 9] is defined by 



3hR/Q('?) 



k 



CS(A:V^,Vr)+w 



mod 



HHDef- 



(6) 



where A: G N and Vq is a unitary connection on kE = C , for some A^ G N, 
with trivial holonomy. |1H Lemma 1, Proposition 1] show that chj^/Q is well 
defined, i.e., chjg/Q is independent of the choices of k and Vn^. 



(7) 



The M/Z Chern character of a Z2-graded element £ is given by 

1 



k 



CS{kV+,j*kV-)+cj 



mod 



where j : kE^ — >• kE~ is an isometric isomorphism. It is independent of the 
choices of k and j [HI p. 12]. 

Note that the following diagram commutes. 



H°'^'^{X; R) — ^ K,^{X; M/Z) 



(8) 



chi. 



where a' is given in Q. By the definition of a, we have 

chK/Q(a(M)) = chK/Q(C",/i,Vfl^\c^) - chM/Q(C",/i,Vfl^\0) 

= [CS(V'^'^*, V^") +uj]- [CS(V^'^S V^")] mod Q 
= [oj] mod Q 

= «(M)- 

3.2. The M/Z analytic index. The M/Z analytic index of a Z2-graded 
generator £ = {E, h, V, ip) G K^ {X; M/Z) is roughly given by the geometric 
construction of the analytic index of {E, h, V) with a modified pushforward 
of the form (p. 

First of all we recall the Bismut's construction of the analytic index. Let 
TT : X — 7- -B be a proper submersion of even relative dimension n, and let 
T^ X —7- X be the vertical tangent bundle, which is assumed to have a metric 
g^ -^ . K given horizontal distribution T^ X — t- X and a Riemannian metric 
g on B determine a metric on TX -^ X hy g .= g 
is the corresponding Levi-Civita connection, then V 
is a connection on T X — )■ X, where P : TX — )■ T X is the orthogonal 
projection. T^ X — )• X is assumed to have a Spin'^ structure. Denote by 
S X — )■ X the spinor'^ bundle associated to the characteristic Hermitian line 
bundle L^ X — )• X with a unitary connection V''" ^ . Define a connection 



TB jfyTX 
P o V^-^ o P 



37rg-". IfV 



V 



rpV X 



on 



5^X ^ X by V 



T^X 



V 



T^X , 



V^ , where V"^ ^ also denotes 
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the lift of V"^ ^ to the local spinor bundle. The Todd form Todd(V^ ^) 
of S X is related to the A-form of T X by 

Todd(V^^^) = A(V^''^) A el=i(V^''^). 

For k > n, the modified pushforward of forms vr* : Q, (X) — t- Q, (B) [7\ 
(3.2)] is defined by 

TT, ((/))= [ Todd(V^''^) A 0. 
Jx/B 

T ■ 1 -1, 1 , , n°^'^(x) n°^'^(B) 

it mduces a map, still denoted by vr* : — ^ — — ;• -— — zi^- 

Im(a) Im(a) 

We briefly recall the definition of the Bismut-Cheeger eta form ??(<?) G 

— - — — ^ associated to f G Kfi^(X). With the above setup, consider the 
lm(a) 

infinite-rank superbundle iTifE — t- B, where the fibers at each b £ B is given 
by 

{7T,E)b:=T{Xt,{S'^XcsE)\x,). 

Recall that n^^E ^ B admits an induced Hermitian metric and a connection 
V^* compatible with the metric \2}, §9.2, Proposition 9.13]. For each b € B, 
the canonically constructed Dirac operator 

Df : r{Xb, (S^X CS E)\x,) ^ T{Xb, (S^ X ® E)\x,) 

gives a family of Dirac operators, denoted by D-^ : r{X, S^ X (g) i?) — )• 
r(X, S^ X E). Assume the family of kernels ker(D^) has locally constant 
dimension, i.e., ker(D^) — )• i? is a finite-rank Hermitian superbundle. Let 
P : t:j,E — )• ker(D ) be the orthogonal projection, /jker(D ) ^g ^j^g Hermitian 
metric on ker(D^) -^ B induced by P, and v'"^'^^'') := P o V*^ o P be the 
connection on ker(D^) — )• B compatible to /I'^'^^'C^ ). 

The (scaled) Bismut-superconnection Aj : Vt{B,TT^E) — )■ 0,{B,tt^:E) [?, 
Definition 3.2] (see also [2] Proposition 10.15] and [3 (1.4)]), is defined by 

where c{T) is the Clifford multiplication by the curvature 2-form of the fiber 
bundle. The Bismut-Cheeger eta form t]{£) [^ (2.26)] (see also [S] and [21 
Theorem 10.32]) is defined by 

ri(£) := —— / ^ Str — ^e"** ]dt. 



It satisfies 

d?}{£) = I Todd(V^''^) A ch(V^) - ch(V'^^'^('^'')) 

Jx/B 
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Now we recall the definition of indf;" : K{^'^{X;R/'L) -^ K^'^{B;M./Z). Let 
{E, h^,V^,(t))£Kj^\X; M/Z) be a Z2-graded element. Since E = E+eE- 
is a Z2-graded complex vector bundle, /i = /i+ © /i~ is a Z2-graded Hermitian 
metric and V = V''~©V~ is a Z2-graded unitary connection on E^ = E~^(BE~ , 
we apply the above geometric construction of the index bundle to each of 
E^ —7- B and E^ — )■ B. Since each of the index bundle ker(D ) — t- i? is a 
Z2-graded bundle 



ker(D^^) : 


= ker(D^'-)+ 


©ker(D^^)-, 






ker(D^') : 


= ker(D^")+ 


©ker(D^")-, 






it follows that the index bundle of E ^ 


X is Z2-graded 


complex 


vector 


bundle defined by 










ind^°(S) : 


= ind^'X^)^ 


©ind'^"(^)-, 






where 

ind^°(^) + 


= ker(D^+)^ 


©ker(D^")- 






ind^"(^)- 


= ker(D^^)- 


-©ker(D^")+. 







ind'^"(^) ^ B inherits a L^-metric /liiid-(B) ^ /^md-(E)+ ^ f^md--{E)- ^ ^^^ 
a metric superconnection V^°<^""(^) = V™'^""(^)^ © ^ind^'^iE)- _ 

The M/Z analytic index indf;'' : K~'^{X;R/Z) -^ K^'\B;R/Z) for a Z2- 
graded element £ = {E, /i, V, (/>) is defined by 

indf;"(£:) := rind^"(^), /I'^^'i'^^), V^"'^"^-^), / Todd{V'^'^^) Au + ^{£)\ . 

If we consider a Z2-graded element £ = (E, h, V) to be iS = £^ © £^ , then 

^{£) = v{£^)+^{£-). 

4. Main results 

4.1. The M/Z analytic index is well defined. In this subsection we give 
a direct proof that the M/Z analytic index ind^^ is well defined. 

Proposition 3. Let n : X ^ B he a proper submersion with closed Spin'^ 
fibers of even relative dimension. The M/Z analytic index 

ind£° : Kj^^{X;R/Z) -^ K^'^{B;R/Z) 

is well defined. 

Proof. Suppose £i = {Ei,h\V\(t)') £ K^^{X;R/Z), for i = 1,2, are Z2- 
graded elements such that ^i— <?2 = 0. We prove that indL°(^i)— indL'^(£^2) = 
in K-^{B;R/Z). Since £1 = £2, there exists a generator (G, /i*^, V^, 0"^) 
such that 

Ei(BG^E2(BG 

(9) 

(l?-4^ = cs(v^ © v^, v^ © v^) ^ ' 
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Since the index bundle is additive, it follows that 

ind^'"(^i) e ind^^(G) ^ ind^^(^i G) 

^ ind^^(^2 e G) (10) 

^ind^^(E2)eind^"(G) 

The commutativity of the diagram 

K-\X-R/Z) -^ K{X) 

K-i(S;M/Z) > K(B) 

and ( [Io| ) implies that 

/3(indr(^i) - mdr(f2)) = ind^'^iEi) - ind^^E^) = 0. 

It follows from the exact sequence ([5| that there exists [uj] G H°'^'^{B;M.) 
such that a(M) = ind^°(fi) - ind^'^(f2), i.e., 

' ind-(i5;i), /,ind-(i?0, v^"<i^''(^^), / Todd(V^"^) A^'+ v{£i)] 

Jx/B J 

ind-(i?2),/i'"''^"(^^\ V-'i^"^^^), / Todd(V^''^) + ^(^2)1 

Jx/B J 

= (C", /i, V^^\ w) - (C", /i, V^^\ 0). 
Thus, by definition, we have 

UJ+ [ ToddCV^""^) A (/)2 + ^{£2) - [ Todd(V^''^) A(j)^ - ?]{£i) 

Jx/B Jx/B 

(11) 

By ^ and ^ we have 

02 _ ^1 = cs(v^ e v^, v^ e v^), 

ind^"(Si) e ind''''(G) ^ ind^'X^2) ind^''(G), 
it follows that (llll) becomes 



u}+ [ Todd(V^''^) A CS(Vi e V^, V^ e V^) + ?j{£2) - ^(^i) 

Jx/B 
Cg(Vmd''"(£;i) ^ yflat^ yind^'HSa) yflatx 

Qg^yind-CEi) yind-{G)^ yind-CEa) ^ ymd-(G)^)^ 
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where all the equalities hold up to exact forms. By the variational formula 
of the Bismut-Cheeger eta form 

+ / Todd(V^''^)ACS(V2eV^,VieV^) modni^tAB), 

Jx/B 

it follows that u £ n°^^^^{B), and therefore a([w]) = a(0) = 0. Thus 
indr(^i) = indr(f2). □ 

4.2. The M/Z Grothendieck-Riemann-Roch theorem. In this subsec- 
tion we give the details of a short proof of the M/Z Grothendieck-Riemann- 
Roch theorem. We first recall a result of Bismut. In the setup of §3.2, with 
the fibers Spin and ind'^'^(£') — )• B assumed to form a superbundle, we have 

ch(ind^'^(^),V''^'^"(^))+i2(^(^))= / l(r^X,V^''^)*ch(^,V^) (12) 

Jx/B 

[3l Theorem 1.15]. If the fibers are only Spin'^, ([T]) has the obvious modifi- 
cation 

ch(ind^'^(^), V'"'^'"^-^)) + i2{7i{£)) = f fbdd(r^X, V^""^) * ch(^, V^), 

Jx/B 

(13) 

for Tbdd(r^X,V^''^) e F^™'^_(X;M/Q) the differential character associ- 

1 write fbdd(r^X,V^''^) as 



ated to the Todd class as in M^. We wi^ 



Todd(V ) in the sequel. Note that (12) and (13) extend to the gen- 



eral case where ind'^°(i?) — t- B does not form a bundle |3, p. 23]. 

The proof of the following proposition essentially uses the same techniques 
in [HI Proposition 3]. 

Theorem 1. Let vr : X — t- S be a proper submersion with closed Spin"^ 
fibers of even relative dimension. The following diagram is commutative: 



/^/^Todd(VT^^)U(.) 



K^\B;R/Z) > i?°'i<i(5;: 

chiB/o 



i.e., for a Z2-graded cocycle £ = {E^,h^,V^,(t)) e K^'^iX; R/Z), we have 
chK/Q(indr(^)) = / Todd(V^''^) U di^/Q{£). 

Jx/B 
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Proof. Consider the difference of differential forms: 



chK/Q(indr(^)) - / ToddlV^''^) A chK/Q(£:) 

Jx/B 

= I CS(W^"^^"^(^)^ j*W'°^^'^(^)') + [ Todd(V^"^) A 
K Jx/B 

+ 7]{8+)-7]{8-)- I Todd(V^''^)A QcS(W^^,rW^")+w') 

Jx/B J 

(14) 
Here we have chosen the integer k in the Chern-Simon form and the isometric 

isomorphism j in ch]g/(g)(indL"(<S)) and in / Todd(V ) A ch]8/Q(iS) to 

Jx/B 
be the same. This is vahd since the cohomology classes of these odd forms 
do not depend on the choices made. 

Applying the map 12 ^ to ( [l4| ) , we get 

i2 ( chK/Q(indr(^)) - J Todd(V^^^) A ch^/Q{8)] 

= ch(ind'^"^(^)+, V^^'i'"^^)^) - ch(ind^°(^)-,V''^'i'"(^)") 

- [ Tbdd(V^''^)*(ch(^+,V^+)-ch(E-,V^")) + i2(^(^+)) 

Jx/B 

by 5 of Proposition M and 4 of Proposition Q. Since 

ch(ind^°(E) + , V'"'^"^-^)^) - ch(ind'^'^(^)~, V^'^'i'^^)") 

= ch(ker(D^+)+, V'^^'-^^''^)^) + c'h(ker(D^")-, V'^<='-(^''")') 

-ch(ker(D^'')-,ker(D^^)-) + ch(ker(D^")+,ker(D^")+) 
= ch(ind""(^+), V'"'^'"^^^)) - cTiM^^l^-), V'"'^'"^^")), 
it follows that ( [14^ becomes 

ch(ind^^(^+), V'°^"'(^^)) - ch(ind^'^(£;-), V'^'i'"^^")) 

- / fbdd(V^''^)*(ch(S+,V^^)-ch(S-,V^"))+i2(^(^+)) 

Jx/B 

~i2{v{8-)) 
= 
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by (13). It follows from the definition of the map 12 that 

chK/Q(indr(^)) - / Todd(V^''^) A chK/Q(f ) G ^^''iB). (15) 

Jx/B 



The theorem is proved by reducing (15) by Q and taking the cohomology 



class by regarding (15) as a cocycle. D 
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